Stieltjes and Van Vleck polynomials arise in the study of the polynomial solutions of the generalized Lamé differential equation. The problem of determining the location of the zeros of such polynomials has been studied under quite general conditions by Marden. He has obtained
1. Introduction. Heine [2] has shown that there exist at most C(n + p -2,p -2) polynomials V(z) with deg V < p -2 such that, for 4>(z) = V(z), the Various mathematicians (see Marden [6, ) have, via different methods, studied the zeros of the polynomials 5(z) and Viz) in relation to the differential equation (1.1) by imposing suitable conditions on the singularities a¡, but only for positive real values of the constants a . For the first time, Marden [6] gave the treatment of (1.1) subject to condition |arga | < y < tt/2 and obtained varied generalizations of the results (cf. Marden [6, Theorems l(a)-2(a)]) established earlier by Stieltjes [8] , Van Vleck [9] , Bôcher [1] , Klein [3] , and Pólya [7] . Our object in this paper is to study the zeros of the polynomials S(z) and V(z) in relation to the differential equation (1.2). The results thus obtained are valid for both (1.1) and (1.2), whereas the corresponding known results [6, Theorems 1(a), 1(b), 6(b)], which apply only to (1.1), become corollaries to our theorems. However, the present treatment follows, in some aspects, the methods introduced by Marden Suppose, on the contrary, that one or more zeros z,, ..., zm (say) of S(z) lie outside the region K. Let us consider the family ÍF of all confocal ellipses having foci at the points c, and c2. Then there passes (through each point in the complex plane) a unique member of S and no two distinct members of S intersect one another. If Ex, E2 E ^(eccentricities ex, e2 respectively), then either Ex = E2 (with ex = e2), or else one of them (say, Ex) falls inside the other (say, E2) and in that case ex > e2. Consequently, out of the zeros Z], ..., zm there is at least one (say, z,) such that a member Ee of S (with eccentricity e) passes through z, and such that all the zeros z., ..., zn lie on or inside Ee. Notice that either K is the line segment with endpoints q and c2 (in case ¡i = 0) or else that the boundary of K is a member of S having eccentricity cos/i. (in case ¡u > 0). Since K ^ Ee, in either case, we conclude that (2.4) e < cos/i,.
Also, since 0 < y < tr/2 and n¡ < q, we see that [(« -\)tr + y]/(2n -1) is an increasing function of n and that Let us take a fixed point w, on the tangent T at zx to the ellipse Ee (see Figure  1 ) and draw straight lines joining z, to the foci c,, c2. These lines obviously make equal angles 9 (say) with the tangent T. By elementary calculus, we can easily verify that the minimum value (90 of 0 (with respect to all positions of the point z, on the ellipse Ee) is given by 90 = cos~'<?, which is attained when Zj is at an end of the minor-axis. Now inequalities (2.4) and (2.5) imply that (2.6) e> pj v/ = i,2,...,p.
Returning to the proof of our main theorem, we notice that a zero zk of S(z) does lie in K if zk is one of the points 0:s. If a zero zk is none of the points ajs, then zk satisfies (2.3). In particular (for k = 1), we have Therefore, If a zero tk of F(z) is an aJs (1 </</>, 1 < s < nß, then tk is in K and we are done. If a zero tk of F(z) is a zero of S\z), then Theorem (2.1) and Lucas' theorem [5, Theorem (6, 2)], [4] imply that tk is in K, and the theorem follows.
In order to prove the theorem for the case when tk # a¡s (1 </</?, 1 < 5 < n) and S'itk) =£ 0, we suppose (on the contrary) that some zeros of V(z) lie outside K. Arguing as in the proof of Theorem (2.1), we can find a zero (say, /,) of V(z) outside K and a member Ee (with eccentricity e) of S passing through tx such that all zeros of V(z) lie on or inside Ee. Our previous diagram ( Figure 1 ) and construction remains the same except that tx replaces z,. Proof. If we put ai = 1 for every/ (so that q = 1), then (1.2) reduces to (1.1), with the constants a-, (in (1.2) ) corresponding to the constants a occurring in (1.1). Under this reduction, the region K of the previous theorems is indeed the region Kx and Corollary (2.3) is fairly obvious.
The above corollary expresses, for y = 0, the results stated in Theorems 1(a) and 1(b) in Marden [6] , due, respectively, to Stieltjes [8] and Van Vleck [9] .
The author is thankful to the referee for pointing out the fact that Corollary (2.3) is a result due to Marden.
